THE ANNULUS PROPERTY OF SIMPLE HOLOMORPHIC 

DISCS 



KAI ZEHMISCH 

Abstract. We show that any simple holomorphic disc admits the annulus 
property, i.e. each interior point is surrounded by an arbitrary small annulus 
consisting entirely of injective points. As an application we show that interior 
singularities of holomorphic discs can be resolved after slight perturbation of 
the almost complex structure. Moreover, for boundary points the analogue 
notion, the half-annulus property, is introduced and studied in detail. 



1. Introduction 

In this article we consider holomorphic discs as Gromov [5] introduced to sym- 
plectic geometry. These are smooth (up to the boundary) maps u defined on the 
closed unit disc U C C which take values in an almost complex manifold (M, J) , 
map the boundary circle 9ID) into a (maximally) totally real submanifold L C M, 
and solve the (non-linear) Cauchy-Riemann equation 

dsU + J{u)dtu = 0, s + it^ D. 

In order to make those discs applicable to symplectic geometry not only certain 
compatibility conditions with the symplectic (or contact) structure are useful. To 
ensure that the solution space of holomorphic discs has a meaningful structure 
(e.g. the structure of a smooth finite-dimensional manifold) the self-intersection 
behaviour of a single solution should not be too exceptional. If for example the 
solutions foliate the symplectic manifold (as in case one talks about fillings with 
holomorphic discs, see Eliashberg [3]) this has strong implications for the topology 
of the manifold. 

As it is well-known (cf. the book of McDuff and Salamon [II ) the existence of a 
single injective point, i.e. an immersed point which is not a double point, is enough 
to show that the moduli space of solutions is a smooth manifold, provided the 
almost complex structure is perturbed suitably. To find examples of somewhere 
injective holomorphic discs (i.e. discs which admit an injective point) Lazzarini 
[8] found a method to produce those out of a given holomorphic disc u just by 
restricting the map u to suitable subsets of D. 

Our interest lies in a closer understanding of the structure of simple holomorphic 
discs, discs with a dense subset of injective points. For a given point we ask for a 
sufficiently small neighbourhood that does not have too many double points. This 
is the content of this work. The central issue in doing so (and not only for simple 
holomorphic discs as e.g. studied by Lazzarini 8 , Kwon-Oh and Oh p4|) is that 
double points might accumulate not only in the interior, but also at the boundary. 
The first case is obstructed by the existence of a dense set of injective points, i.e. 
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by simplicity. This is due to Micallef and White (12j. But on the boundary the 
situation is completely different as we shall explain before we come to our main 
results. 

By the work of Micallef- White [12] the intersection behaviour in the interior 
is understood and a unique continuation principle is valid (well-known in com- 
plex analysis). For boundary intersections this holds only under extra conditions: 
Consider the local situation of two holomorphic maps z ^ z, z ^ —z both de- 
fined on the closed upper half plane H. We see that the images only have the 
real line in common opposite to plenty of intersection points. This means that 
the unique continuation principle is violated. Globally this is also the case as the 
map (D,aD) (CP\MPi) induced by H 9 z i-^ e C shows. But if one can 
exclude this self-matching phenomenon a relative version of the similarity princi- 
ple due to Carleman [2 can be applied, and hence contradicts simplicity of the 
holomorphic disc. We remark that this relative Carleman similarity principle for 
certain technical reasons only works provided the boundary accumulation points 
are immersed. 

In the situation where mixed intersections appear, which are those where the 
boundary circle intersects the disc at the interior, no analog of a unique continuation 
principle is known. Moreover, a formulation of such a theorem for an arbitrary 
holomorphic disc map u should involve the structure of the set (li(c)D)) , the 
so-called net, as the example H 9 z i-^- z'^ G C shows. The regions between the 
e^'^^/'^R^-axes, k = 0,1,2,3, are overlapping and self-matching, respectively. But 
in general the net has a very rich structure which is still not fully understood, c.f. 
[J . But if one is only interested in subquestions concerning the local behaviour of 
holomorphic discs one can avoid those problems as done e.g. in by Lazzarini, 
where he showed how to reduce a given holomorphic disc to obtain a simple one. 

Finally we point out that there a geometric situations in which the holomorphic 
discs behave particularly nice. One class of examples are almost complex manifolds 
which allow a Schwarz reflection principle. This is the case for a real analytic 
boundary condition L and an almost complex structure integrable near L, see [15j . 
or if one can flnd an anti-holomorphic involution with a flx-point set containing L, 
c.f. [4]. After an extension by reflection all self-intersection points lie in the interior 
and the results of Micallef and White [T^ can be applied. Another situation where 
no mixed intersections can appear are holomorphic discs inside a strictly pseudo- 
convex domain such that L C dH., c.f. Eliashberg [3]. But in this work no such 
restrictions to the almost complex structure is made and the aim is to prove results 
in full generality. In other words, we have to deal with all kinds of double points. 

Our flrst result concerns the structure of injective points near a given interior 
point. We say a holomorphic disc has the annulus property if around any interior 
point one can flnd an arbitrary small annulus consisting entirely of injective points. 
For a precise deflnition we refer to Definition 13. II 

Theorem 1.1. A holomorphic disc has the annulus property if and only if the disc 
is simple. 

The annulus property allows one to perform local constructions with a given 
holomorphic disc. Of primary interest (in particular in four-dimensional topology) 
is the existence of immersed holomorphic discs. 
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Corollary 1.2. For any simple J -holomorphic disc u : (D, 9D) — > {M,L) there 
exist a smooth almost complex structure J (still making L totally real) and a simple 
J -holomorphic disc u : (D, dW) {M, L) such that 

(i) u has no interior critical point, i.e. u\bi{o) is ^'^ immersion, 

(ii) u is arbitrary -close to u, and 

(iii) J is arbitrary -close to J. 

To obtain the result one just removes all the finitely many interior critical points 
of u. By a theorem of McDufi^ (see [TUl Theorem 4.1.1]), about small discs near 
each interior critical point the J-holomorphic disc u can be locally approximated 
by J-holomorphic immersions. Now using small annuli around the interior critical 
points as in Theorem 1 1.1 1 the cut and paste procedure from [SI Lemma 4.3] and [TUJ 
Corollary 4.2.1] yields the claim. As the construction shows, u coincides with u and 
J coincides with J away from the neighbourhoods, where the local perturbations 
take place. The annulus property thereby is used in a crucial way in order to extend 
the almost complex structure over the annuli to obtain a smooth J. 

For a similar formulation of the annulus property along the boundary one has 
to exclude the case that the holomorphic disc-map takes the same values along 
two disjoint boundary segments (recall the example z i— >■ from above). We will 
say the holomorphic disc is not self-matching, see Definition 19.41 for a precise 
formulation. We say a holomorphic disc has the half-annulus property if around 
any boundary point one can find an arbitrary small half-annulus consisting entirely 
of injective points, see Definition 16. II 

Theorem 1.3. A holomorphic disc has the half-annulus property if and only if the 
disc is simple and not self-matching. 

We remark that both theorems above are crucial in developing a higher-order- 
intersection theory for holomorphic discs. This is expected to generalise the filling- 
with-holomorphic-discs method considerably, see |16) . For a generic almost complex 
structure the moduli space of somewhere injective holomorphic discs (representing 
a certain relative homotopy class) with e.g. a boundary singularity, a tangent self- 
intersection, or a more general constraint on their jet-prolongations is a smooth 
manifolds of the expected dimension. By an argument due to McDuff-Salamon 
(see [m Lemma 3.3.4]) the (half-) annulus property is used to perform a linearised 
version of the argument of Corollary 11.21 to get the manifold structure. We point 
out that the half-annulus property is especially made for this argument. Moreover, 
a posteriori all somewhere injective holomorphic discs are simple and even simple 
along the boundary for a generic almost complex structure, see |16j . 

This article is organised as follows: A precise definition of simple holomorphic 
discs is given in Section [2l where we show the equivalence to the name-giving 
property of not being somewhere locally multiply covered. The annulus property 
is introduced in Section [3] and the first steps of the proof of Theorem 11.11 (which is 
identical with Theorem 13. 2|) are made. Section |4] treats the intersection behaviour 
at boundary intersection-points based on the relative Carleman similarity principle. 
Section [S] does the analogue for mixed intersections and the proof of Theorem 11.11 
with a set-theoretical argument based on Section|4]is finished. In Section|6]the half- 
annulus property is introduced and, as a first step for Theorem ll.31 the equivalence 
to simplicity along the boundary is shown. Sections [7] and [8] are devoted to the 
concept of injective points of the boundary map of holomorphic discs. Section [9] 
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discusses the relation between simplicity along the boundary and locally multiply 
covered boundary maps and completes the proof of Theorem 11.31 

2. Characterisation of simplicity 

Due to the fundamental result of Micallef- White [12] the local behaviour of simple 
holomorphic spheres is well-understood, and studied in full detail in the book of 
McDuff and Salamon [11) . Some of these local properties remain valid for interior 
points of holomorphic discs. The aim of this section is to give an overview of what 
is known about this. 

Let us consider an almost complex manifold (M, J) which contains a totally real 
submanifold L. We would like to study the local behaviour of a J-holomorphic disc 
u : (D,9D) {M,L). For this let us recall some definitions: A critical point of 
M is a point 2 G D such that du{z) — 0. Synonymously, we say singular point or 
just singularity. We denote the set of critical points by 

Crit(u) {z e D I du{z) = O} 

and the preimage of critical values by 

Cr(u) := u-i(u(Crit(u))). 

Notice, any point 2 G H) which is not a critical point of u, is automatically immersed 
by u. This is due to the fact that u is J-holomorphic, i.e. u solves 

dtu{z) = J(u(z))9su(z) 

for all z G B. Therefore, by the inverse function theorem, u is a local embedding 
near its non-critical points. 

Holomorphic maps satisfy the unique continuation principle well-known for ana- 
lytic functions in one variable. That the principle is valid for J-holomorphic maps 
is due to Carleman For holomorphic discs we obtain therefore, see Lazzarini ^ 
Theorem 3.5]: 

Proposition 2.1. For a non-constant J-holomorphic disc u : — > {M,L) 
the following sets are finite: 

(i) the set of critical points Crit(u), 

(ii) the preimage u~^{p) for all p G M , 

(iii) and, in particular, the preimage Cr(u) of critical values. 

As it is well-known (see [HI [16]) the existence of an injective point, a point 
z G D such that 

(1) u^^(^u{z)') — {z} and du{z) ^ 0, 

can be used to provide the solution space of the Cauchy-Riemann operator (i.e. 
the moduli space of holomorphic discs) with the structure of a finite dimensional 
manifold (at least locally). 

Proposition 2.2. The set of all injective points of u 

Inj(u) := {z G D I z is an injective point of u} 

is open in D. 
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Proof. Let zo be an injective point. We claim that there exists r > such that 
u^^(u{z)) = {z} for all z G i3, (zo)nD. Otherwise, we could find sequences z,y — ?> zq 
and Wi, — Wo in D such that z^ ^ as well as u(z^) = uiw^) for all G N. But 
by the first condition in ([T]) this would imply that wq = zq. This is a contradiction, 
because by the second condition in ([1]) the restriction u jv- is an embedding (and 
hence injective) for some open neighbourhood V of zq in D 

A J-holomorphic disc u is called somewhere injective if u has an injective 
point, i.e. if Inj(u) ^ 0. In order to find conditions under which a holomorphic disc 
is somewhere injective we will study the set of self-intersection points of u 

S{u) {(zi,Z2) G D X D\ Ad I = u{z2)] 

and the projection to the first coordinate 

Si{u) := proji S{u). 

By the mean value theorem applied to the coordinate functions of u we see that 
the closure of S{u) is contained in the disjoint union 

(2) ^c5(M)uAcHt(«)- 

The inclusion in ([2]) is in general strict as the following injective map shows: E) 3 
z ^ {z'^,z'^). Moreover, we observe that the complement of the set of injective 
points has the following description: 

(3) P\Inj(u) = Crit(M) US'! (m) dSTM- 
Therefore, we see again that Inj(M) is open. Further, we remark that 

Cr(u) = Crit(w)nS'i(w), 

a fact that we will use throughout our arguments. 
Following Lazzarini [8] we define now: 

Definition 2.3. A J-holomorphic disc u is simple if Inj(M) is dense in D. 

The first non-trivial observation concerning simplicity is due to Micallef and 
White [n]: 

Theorem 2.4. For any simple J-holomorphic disc u the set 

^intcrH :=5(li)n(Bi(0) xBi(O)) 

o/ interior self-intersection points of u is discrete in -Bi(O) x -Bi(O). 

Equivalently we could say that for all r G (0, 1) the set S{u) n (D^ x I^r) is finite. 
This means for a simple J-holomorphic disc u there exist no sequences Zi, — > zq 
and — > wq in -Bi(O) with z^ ^ for all G N and Zq,wq G Si(0) such that 
u{z^) = u{wi,), regardless whether zq and wq coincide or not. A proof of Theorem 
12.41 avoiding the theory of minimising area- like functionals is given by Lazzarini in 
[TT1 Theorem E.1.2]. 

Remark 2.5. A particular consequence of Theorem 12.41 is that for a simple disc 
u any point in Crit(u) n i?i(0) has a pointed neighbourhood U* such that the 
restriction u\jj* is an embedding, i.e. is injective. 

Sometimes, a weaker version of Theorem 12.41 is sufficient in order to get informa- 
tions about the geometric structure of a holomorphic disc, see [HI Lemma 2.4.3]. 
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Lemma 2.6. Let u be a J -holomorphic disc. Assume that there are sequences 
Zy — > zo and Wy wq in -Bi(O) with Zy ^ Wy for all v M and zo,wo € -Bi(O) 
such that u{zy) — u{wy). Assume in addition that du{zo) ^ 0. Then there exists an 
analytic function ip defined on an open neighbourhood V ofwo such that ip{wo) = zq 
and u — uo ip on V . 

The second proof of this fact given in [llj rehes on the Carleman similarity 
principle. In section |4] we extend this approach to cases, where the boundary is 
present. 

Lemma l2.6l can be used to give an equivalent characterisation of simplicity which 
is more practical in the applications: 

Proposition 2.7. A J -holomorphic disc u is simple if and only if there are no two 
nonempty disjoint open subsets Ui and U2 o/D such that u(Ui) = u{U2). 

Proof. The J- holomorphic disc u is not simple if and only if Inj (u) is not dense in 
D, i.e. the complement B \ Inj(u) has an interior point. Because of the fact that 
Crit(u) is finite, u is not simple if and only if Si{u) has an interior point, see (|3|). 

If there are two nonempty disjoint open subsets Ui and U2 of D such that u{Ui) ~ 
u{U2) we get in particular Ui C iS'i(m) which means that Si{u) has an interior point. 
By the previous discussion this implies that u is not simple. 

On the other hand, if Si{u) has an interior point then in particular 5'i„tcr('^) has 
an accumulation point. Because Crit(u) is finite we can assume that we are in the 
situation of Lemma 12.61 Now du{zQ) ^ implies that zq ^ wq and we can further 
assume that U := (p{V) and V are disjoint. Notice, that any analytic function 
is open. Consequently, we found nonempty disjoint open sets U and V such that 
u{V)=u{U). □ 

We see that our definition of simplicity coincides with the one given by Lazzarini 
in [TT] . Combining Theorem 12.41 with Proposition 12.71 we get a further characteri- 
sation of simplicity: 

Corollary 2.8. A J -holomorphic disc u is simple if and only if 5'intor(u) is a 
discrete subset of Bi{0) x Bi{0). 

3. The annulus property 

Throughout this section we consider a J- holomorphic disc u : (D, 9D) — > {M, L), 
where {M, J) is an almost complex manifold containing a totally real submanifold 
L. The aim is to show that for any interior point of B there exist arbitrary small 
surrounding annuli which consist completely of injective points of u, provided u is 
simple. In other words, we will prove that u has the annulus property. This is 
the analogous statement to [11] Corollary 2.5.4], where that case of holomorphic 
spheres is considered. 

Definition 3.1. We will say that u has the annulus property if for any point 
Zq G Bi{0) and any given £ > with B^{zo) C -Bi(O) there exists a closed subset 
^e.zQ diffeomorphic to the annulus x [0, 1] such that the following conditions are 
satisfied: 

(i) Ae.^o C B*{zo), where B*{zo) := B^izo) \ {zo}, 

(ii) a boundary component of A^^zg has winding number 1 around zq, 

(iii) u\a^ is an embedding, and 
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(iv) U~^u{Ae,^„)) = 

We see that any J-holomorphic disc u which has the annuhis property is simple. 
This is because for all zq € Bi{0) and for all e > the annulus A^^zq is contained in 
Inj(u) so that the set of injective points is dense, see Definition 12.31 The converse 
is also true: 

Theorem 3.2. A J-holomorphic disc is simple if and only if it has the annulus 
property. 

Proof of Theorem 13.21 (part I) . The above discussion shows that it is enough 
to show that any simple J-holomorphic disc u has the annulus property. We start 
our proof with some preliminaries. Let zq G ^i(O) be any point and take e > 
such that Bs{zo) C -Bi(O). By Proposition 12.11 we can choose £ > so small such 
that 

(4) B*(zo)nCr(M) = 0. 

In particular, u\b*(zo) is an immersion but potentially with self-intersections. By 
Theorem 12 .41 we have that S'intcr(i*) is discrete and, consequently, 

Siu)n{B,{zo)xB,{zo)) 

is a finite set. Hence, we can assume after shrinking e > if necessary that the 
restricted map u\b<-(^zo) is injective. Or equivalently, u\g*(^za) is an embedding, cf. 
Remark 12.51 

In order to prove the annulus property it remains to study the subset u^^(w(A)) 
of D, where 

A := B,/2izo)\B,/i{zo) C B*{zo). 

The aim is to show that there is a subannulus of A which has winding number 1 
and consists entirely of injective points. Because Inj(it) is open (see Proposition 
12. 2p for this it will be enough to show that there is an embedded circle in A which 
has winding number equal to 1, such that any point on the circle is injective. 

In order to provide the space of self-intersections with a useful structure we will 
introduce some terminology: On the set A x D we define the following correspon- 
dence: 

S := S'(u) n A X B. 

By simplicity of u this set has no interior point in A x D, see Proposition 12. 71 Fur- 
thermore, in view of (j4]) the set S must be closed. Therefore, the set of accumulation 
points 

n -.^ Acc(5) 

of S is contained in S. Theorem 12.41 implies now that Acc(5) is a subset of A x 
and the intersection 5 n A x -Bi(O) is discrete. Hence, we get 

(5) TZ(z{SnAxdB) and 7e n A x Bi(0) = 0. 
Consequently, the projection to the first component 

Ri := projjTe 

which is a compact subset of A, has no interior point (viewed as a subspace of A). 
This means that the set A\ i?i is dense in A, or equivalently the set i?i is nowhere 
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dense in A. Roughly speaking, Ri contains no 2-diniensional components. In fact, 
1-dimensional pieces are not there as welh 

Lemma 3.3. There exists no embedding c : [—1, 1] ^> A with c([— 1, 1]) C 

Taking the lemma to be granted we see together with ([5]) that the compact set 

Si := proji5 

is nowhere dense in A and there exists no embedding c : 1 , 1] ^ A such that its 
image c([— 1, 1]) is contained in Si. 

Before we continue with the construction of the desired annulus A^,zo we will 
give the proof of Lemma 13.31 It relies an the relative Carleman similarity principle 
and is postponed to section |4l □ 

Remark 3.4. The set 5 n A x 9D has no interior point in A x (9D. Otherwise, we 
would find open subsets U C A and / C 9D such that u{U) = u{I), and hence, 
that u{U) C L. This contradicts the fact that L is totally real. Further, the set 

proji {S{u) n A X dB) = {x e A \ 3y e dB : u{x) = u{y)} 

has no interior point in A. Otherwise, there would exist an open subset ?7 of A 
such that u{U) C u{dD) C L, which is again a contradiction. 

4. Boundary intersections 

Let (M, J) be an almost complex manifold of real dimension 2n containing a 
totally real submanifold L. In this section we consider two J-holomorphic embed- 
dings 

u,v: {D+,[-l,l],0) {M,L,p), 

of the closed upper half-disc D"*" = D n {$Jm(z) > 0}. We are interested in the 
accumulation behaviour of the intersection points of u and v near their boundaries. 
So we consider two sequences Zi, and — )■ of points in D"*" \ {0} such that 
u{z^) = v{wv) for all G N. 

If we stick to the 4-dimensional case for the moment we see that u and v must 
be tangent at 0, i.e. the images of du(Q) and dv{Q) must coincide. Indeed, assuming 
the contrary the J(p)-invariance of the tangent spaces of the half-discs at p would 
then imply that the intersection of du{{)){C} with dv{Q){C} is {0}. But by the 
dimension assumption this means that u and v would be transverse at (0, 0). This 
is a contradiction. 

Remark 4.1. In the above argument the presence of the boundary was not used. 
Taking the boundary into account we see that the linear maps du{Q) and dv{Q) are 
collinear over M. 

This is not just a 4-dimensional phenomenon as the following lemma will show. 
So independent of the dimension the holomorphic half-discs are tangent at the 
accumulation point. 

Lemma 4.2. Let u, v be as above. Then there exists a non-zero real number S such 
that du{0) = ddv{0). 

Proof. We will show that du{0) and dv{0) are collinear over C, i.e. there exists a 
complex number a ^ such that du(0) = dv{0) ■ a. Because the partial derivatives 
Us{0) and Vs{0) are contained in TpL the number a must be real. 
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First of all we can find a local chart about p in which the totally real bound- 
ary L corresponds to M" C C", and in which the almost complex structure J is 
the multiplication by i at least for all real points, see [II, Exercise B.4.I0] or 
Proposition 3.3]. Therefore, it is enough to consider J-holomorphic maps 

u,v: (D+,[-l,l],0) — ^ (C",M",0), 
u = (ui, . . . ,u„),w = (wi, . . . ,w„), 

where J is an almost complex structure on C" such that J = i on M". 

Arguing by contradiction we suppose that du{0){C} and dv{0){C} do not coin- 
cide. So they span a real 4-dimensional subspace of C", because the case of a real 
3-dimensional subspace is excluded by i-invariance. Now we wish to apply the rel- 
ative Carleman similarity principle (see [U Theorem A. 2]) to each of the solutions 
u and V of 

Ws + J{w)wt 0, 
CM", 
w{0) = 0, 

separately. Using a smooth endomorphism field which conjugates J to i and is the 
identity along R" we can assume that u and v solve the linear equation 

Wg + iwt + Aw = 0, 
CR", 
w{0) = 0, 

where ^ is a smooth real matrix valued function on D+ (depending on u, resp. v), 
see [m p. 24]. Now by the relative Carleman similarity principle we find 

• a continuous complex matrix valued function B of invertible matrices with 
B{0) = id, 

• and an analytic C"-valued function / with /(O) = 0, 

both defined in a neighbourhood [/ of in C and both are real along R, such that 
w = Bf holds on [7 n {3m(z) > 0}. In particular there exist a, 6 G R" \ {0} such 
that 

u{z) = az + o{\z\) and v{z) = bz + o{\z\) 

as z tends to in ID+. 

After composing with a complex linear transformation A G GL(C") such that 
A(R") = M" we can further assume that a = (1, 0, ... , 0)^ and 6 = (0, . . . , 0, 1)^ 
as column vectors in C". Therefore, we have that the coordinate functions ip :— ui 
and ip ■= Vn are local diffeomorphisms about i^(0) = and '0(0) = Oj resp. Hence, 
by Taylor's formula we get 

uoip-^z) ^ {z,o{\z\)) inCxC""\ 

V o V"^(2) = (o(|z|), z) in C"-i X C. 

Recall that we have assumed u{z^) — v{w^) for our sequences — >■ and Wi, — >■ 0. 
So setting z^, := (p{z^) and :— %l){w,j) for all £ N we find 

Zi, ^ o{\w^\) and Wi, ^ o{\zi,\) 
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for all I' £ N. But this implies 







0{\Wy\) 


and 






o{\Zv\) 





Wi, 












Vz.\ 





as V tends to infinity. Consequently, 

Wv Zy 

as 1/ — > oo, which is a contradiction. This shows that u and v must be tangent at 
which proves the claim. □ 

Lemma [4.21 allows us to define the sign of the boundary intersection at the 

accumulation point (0, 0) to be the sign of the real number 5, i.e. 

(6) ^u,v ■■= sign((5). 

Notice that this definition is intrinsic, i.e. is invariant under conformal reparametri- 
sations which respect the boundary condition. Now it turns out that under the 
assumptions of the proceeding section the images of the half-disc maps u and v co- 
incide, provided that the sign is positive. This is to say that the unique continuation 
principle holds true. 

Lemma 4.3. // the sign du.v is positive then there exist open neighbourhoods U 
and V of in such that u{U) = v{V). In fact, there exists an analytic diffeo- 
morphism Lp between pointed neighbourhoods ofO in C such that v — uo(p hold true 
on V . 

In order to prove this lemma we will need a particular coordinate system about 
the intersection point making one of the holomorphic discs flat. The following result 
can be obtained as in [TTl Lemma 2.4.2]: 

Lemma 4.4. Let w : [— 1, 1], 0) — ?> {M,L,p) be a J -holomorphic embedding. 
Then there exist a neighbourhood U of Q in C" and an embedding 

$:(?/, f/ n R", 0) — > {M, L,p) 

such that 

ou>(z) = (z,0,...,0) mCxC"~i 
for all z e D+ and J := $* J = d<^^^ o J o d^ satisfies 

(7) J(z,0) = z 
for all z e D+. 

Proof of Lemma \4-3\ We will follow the line reasoning from 6, p. 90]. By Lemma 
14.41 we can assume that our J- holomorphic half-disc maps u,v are given by 

u,v: (©+,[-l,l],0) (C",M",0) 

U = (lii, . . .,Un),V = (Wi, . . . ,U„), 

such that u{z) = (z, 0, . . . , 0) for all z G D+, where J is an almost complex structure 
on C" such that J = i on D"*" x {0}. By our assumption there is a positive real 
number S > such that du{0) = Sdv{Q). So we find that 
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has positive imaginary part. W.l.o.g. we can assume that 3m (dtviiz)) > for aU 
z £ D+. Therefore, the function t H> 3m(ui(s + it)) is monotone increasing for 
all s £ [-1, 1] and, hence, vi{z) £ {5m(z) > 0} for aU z £ {3m(z) > 0} n D+. 
Consequently, we have that 

(8) J{vi,0) = i. 

If we write v for the tuple {v2, . . . ,Vn) in the following we get that 

D2J{vi,Tv){v}dT = / drJ{vi,Tv)dT = J{vi,v) — J{vi,0) — J{v)—i 



'Q Jo 

on D+. By J-holomorphicity we get that 

(9) = dgV + J{v)dtv = dsV + idtv + Bv, 

where 



B:^ ^ D2J{vi,Ti){.}dT-dtV 



is an element of C°° (©+, HomR(C""\ C")) . Setting B := projc„-i B, which yields 
an element in C°° (B+, EndE(C""i)) , we get finally 

= dgV + idtv + Bv. 

The relative Carleman similarity principle (see [1] Theorem A. 2]) implies that there 
exist < £ < 1, a complex analytic function / : (D^, [-£,£], O) (C""^, R""^, O) , 
and C £ C"'(]D)e,GLR(C„_i)), such that 

i{z) = C{z)f{z) 

for all z £ ]D)+. By assumption we have that v{w,y) — for all £ N, where — J> 
in D+ \ {0}. This implies f{wu) — for all £ N and, hence, / = 0. Consequently, 
■5 = 0. Thus there exists an open neighbourhood 1/ of such that Lp :— vi is analytic 
on the interior of V, see ([9]), and sends real numbers to real numbers. Moreover, 
V — uo if owV . Setting U = f{V) this gives the claim. □ 

5. Mixed intersections 

The aim of this section is to finish with the proof of Theorem 13 . 2 1 which says that 
a simple holomorphic disc has the annulus property. First of all we will use Lemma 
14.31 to show that the set of accumulation points Ri can not contain a subset of the 
form c([— 1, 1]) for any embedding c : [—1,1] h.. 



Proof of Lemma \3.3[ Arguing by contradiction we suppose there is an embedding 
c : [—1, 1] — !> A with c([— 1, 1]) C Ri- Set c(0) = z* and take a positive real number 
5 with Bs{z*) C S*(zo). By shrinking 5 > we can assume that Bs{z*)\c(\-l, 1]) 
has exactly two components Ei and S2. By uniformisation there are analytic 
embeddings 

f, : {B+,dB+,0) — > (E„c(hl,l]),z*), 

one for each j = 1,2. Notice that the images of the vector dg under the differentials 
d(pi and dip2 point in opposite directions in Tz*c{[—1, 1]). Moreover, by assumption 
the J-holomorphic half-discs 

Uj-.^uo (fj : aD+) — > {M, L) 
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intersect the given J-holomorphic disc u along the boundary, i.e. 

u^{dB+) c u(9D). 

Because u|b*(2o) is an embedding and z* ^ Cr(u) we may assume (after shrink- 
ing S > again if necessary) that this is a local intersection of 3 embedded J- 
holomorphic half-discs along their boundaries. In particular, for one j = 1,2 the 
sign of boundary intersection Su,Uj must be positive. So we derived from Lemma 
14.31 that 2 of the branches of u along the boundary must overlap. But this means 
that u can not be simple. This is a contradiction. □ 

As we already remarked we obtained in fact that the compact set is nowhere 
dense in A and does not contain embedded arcs. While the set of interior intersec- 
tions 

^i"*" := proji(5i„ter(^^)) n A = {xeA\3ye Bi(0) : u{x) = u{y)} 
is discrete it seems that the set of mixed self-intersection points of u 

s„,U^) ■.= s{u)n{Bi{o)xdB) 

is rather complicated. In order to understand the topology of the set 

Si = sf" u s-i"'"-, 

where 

Sf^ := proji(^„,i,(«)) n A = {xeA\3yedB: u{x) = u{y)}, 

we need more information about the mixed self-intersections. 

First of all we will extract an important subclass of accumulations of self- 
intersection points. Namely, we consider the set of mixed self-intersections 
of virtual boundary type 

7^"'■' ^ Acc {S{u) DAxdD) 

and denote the projection to the first coordinate by 

Rl"' projl7^"'■^ 

Observe that R\"^ = Acc(S'™"^). Its complement, the set of accumulation points 
which only can be reached from the interior, is denoted by 

D D \ pvirt 

ill • — -fti \ JXi 

The reason for these definitions is the following key property: By we have 
Ri C S'™"' which implies 

(10) Acc(i?i) C i?f *- 

In order to prove the theorem we are going to construct a covering of 5*1 using the 
decomposition of the accumulation points 

i?i = i?i U Rl"' 

into ^1 and 

Lemma 5.1. Consider a point z* G i?"'' • Then for any p > there exists S G (0, p) 
such that 

Si n dBs{z*) = 0. 
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In order to prove this fact we consider J-holoniorphic embeddings 

u:(Bi(0),0) — >{M,p) and u : (D+, [-1, 1], O) — >{M,L,p) 

such that there are sequences — in -Bi(O) \ {0} and — ?• in 9D+ \ {0} 
of complex numbers such that u{z^) = viwi^) for all G N. We remark that the 
condition on the points Wi, to lie on the boundary can be interpreted as a virtual 
boundary condition. 

Lemma 5.2. For all e > there exist S G (0,e) and an embedding 

c: ([-1,1],0) {Bs,0), 

where Ds :— Bs{0), such that the following conditions are satisfied: 

(i) the points z^, lie on the image 7 := Im(c) provided Zy € for all u gN, 

(ii) the intersection 'y H dBs(0) equals {c(±l)} and is transverse, 

(iii) each point ^ G ©a with G L lies in fact on 7. 

Proof. By Lemma [4.41 we can assume that v{z) ~ (z, 0, . . . , 0) in C x C"""'^ for all 
z G and that u{zy) = v{w,y) G M". Writing u — {ui,u) with respect to the 
splitting C X C"^^ we see that ui{zy) G M and u{zi,) — for all G N. Hence, 
du{0) = 0. Therefore, we can assume that the restricted map Ui : (©5,0) (C,0) 
is an embedding for some S > 0. Therefore, in a neighbourhood of zero we can 
invert ui, i.e. ip — u^^ exists. By shrinking 6 > again if necessary, we can assume 
that Mnui(D5) is connected with transverse intersections at the boundary. We get 
the first claim by considering c := (p\r. 

By making S > smaller if necessary we can assume that u{Il>s) is contained in 
the domain {V,p) of that chart map we used to flatten v, see Lemma We can 
assume that V Ci L is connected, i.e. in the chart we have L — R". Hence, C G 
with u{() G L implies G M and, therefore, C = V ° ^i(C) €7- This proves the 

third claim. □ 

Proof of Lemma [5J[ By ProDOsition l2 . 1 1 the cardinality of the set n9D 
is finite, say fc G N. If we compose our holomorphic map u with local parametri- 
sations of ID about the k intersection points we find holomorphic maps vi, . . . ,Vk 
defined on half-discs to which we can apply Lemma 15.21 So we find (5 > as small 
as we wish and an embeddings 

ci,...,Cfe : ([-1,1], 0) (S^,z*), 

such that (for each j = 1, . . . , /c) the intersection of the image 7j of Cj with the 
boundary dBs{z*) is transverse, equals the set of endpoints {cj(±l)}, and 

5?"" n 'B^ C (71 U . . . U 7fc) F. 

In other words we get 

(11) sr^" n = s-r'^ n r. 

Now, by Lemma [231 the sets 5'™"' fl 7^ contain no interior point. We conclude that 
7j \ 5™"' is an open and dense subset of 7^ for any j = 1, . . . , /c. Therefore, we find 
5 > Q and 5i G (0, 5) such that 
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if we write 



for the standard annulus. Moreover, Theorem 12 .41 and ([Tl]) imply that 

Ace {s'f"' n Bsiz*)) c sf"" n r. 

Hence, 

is a finite set. Consequently, we find 62 G (5) so that 

S'i"'"-naB5,(z*) = 0. 

Taking 82 instead of 5 > yields the claim. □ 

Lemma 5.3. Consider a point z* G Then for any p> there exists S € (0,p) 
such that SiDdBsiz*) = 0. 



Proof. Because of pO|) and Lemma lOl we can consider the case, where z* is isolated 
in This means, that we can find (5 > such that i?i fl Bs{z*) = {z*}. With 
Theorem 12.41 we see, that Si n A^/2,s{^*) is a finite set. This proves the claim. □ 

Lemma 5.4. Consider a point z* ^ Si. Then for any p > there exists 6 £ (0, p) 
such that Si D dBs{z*) = 0. 

Proof. Because of Acc(S'i) = RiUKl"*", Lemma [01 and Lemma [5731 we can consider 
the case, where z* is isolated in 5*1. This means, that we can find (5 > such that 
Si n Bsiz*) = {z*}. This proves the claim. □ 

Proof of Theorem [3T2l (part II). Summing up, for each z* £ Si there exists 
S > such that 

(12) SiDdBsiz*) ^9 and 9A n ^^(z*) is connected. 

By compactness of Si we find N £ N, 61, . . . , Sn > and zi, . . . , zn m Si such that 

N 

Sic\jBs^iz,) 

and (fT2)) holds with z* replaced by each of the zi, . . . , z^r. Notice, that by openness 
of A \ 5*1 we find for each j = 1, . . . , some Sj G (0, 6j) keeping the mentioned 
properties in (IT^ . By removing the annuli Bs-izj) \ Bg ^Zj) we find A' G N and 
pairwise disjoint, closed, simply connected subsets Bi, . . . , Bk of A (with non- 
empty interior) covering 5*1 such that dA D Bj is connected for all j = 1, . . . , K. 
Consequently, A\(i?iU. . .UBk) contains an embedded closed curve 7 with winding 
number equal to 1 with respect to zq. A tubular neighbourhood of 7 yields an 
annulus A^^zq with iuiA^^^g)") = A^^^o as desired. This finishes the proof of 
Theorem El ' ' □ 



Remark 5.5. One can show that Ri is totally path disconnected and that Ri has 
2-dimensional Lebesgue measure equal to zero. 
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6. The half-annulus property 

Once shown the annulus property for simple holomorphic discs one naturally 
asks for the situation at boundary points. Again we consider a J-holomorphic disc 
u : (B, dW) {M, L) in an almost complex manifold (Af , J) which takes boundary 
values in a totally real submanifold L of M . The content of this section is a version 
of Theorem 13.21 valid for boundary points of those holomorphic discs u. 

Definition 6.1. We will say that u has the half-annulus property if for any 

point zq G 9ID) and any e > there exists a closed subset A^^^a dijfeomorphic to the 
annulus x [0, 1] such that the following conditions are satisfied: 

(i) Ag^xQ C B*{zq) (viewed as subsets ofC), such that A^^za H has exactly 
two components, 

(ii) a boundary component of A^^zo winding number 1 around zq, 

(iii) u |^+ is an embedding, where Af^zg '■— ^£,zo C^^) O'f^d 

(iv) ^.-i(u(At„))=^to- 

Not every simple holomorphic disc has the half-annulus property. For example 
the map u : (D, 9D) (CP^,MP^) induced hy z ^ on the upper half-plane 
is simple; but none of the boundary points is injective. In view of the last two 
conditions this holomorphic disc can not have the half-annulus property. But there 
is an interesting subclass of simple holomorphic discs which will have the half- 
annulus property. 

Definition 6.2. A J-holomorphic disc u is strongly simple along the bound- 
ary or strongly (9-simple i/Inj(u) fl dU is dense in dO. 

As we will see in Proposition 16.41 below all 9-simple J-holomorphic discs are 
simple. But there are simple J-holomorphic discs which can not be simple along 
the boundary as the above example u : — s> (CP^,MP^) shows. So we 
introduced a more restrictive notion. 

Moreover, any J-holomorphic disc u which has the half-annulus property is d- 
simple. This is because for all zq G c?© and for all e > the half-annulus A'^ is a 
subset of Inj(M). So any point in the boundary can be approximated by those 
injective points of u which are boundary points at the same time. In fact we have 
the following: 

Theorem 6.3. A J-holomorphic disc is strongly d-simple if and only if it has the 
half-annulus property. 

Proof. We will show that any 9-simple J-holomorphic disc u has the half-annulus 
property. This of course is enough to prove the theorem. To establish the half- 
annulus property of u we will reduce the proof to the one of Theorem 13.21 

For that we consider a point zq 6 83 and take e > such that D \ dB^{zo) is 
disconnected. By Proposition 12 . II we can choose e > so small such that 

(13) B,*(zo)nCr(M) = 0. 

In particular, u \b-'(zo) ^n immersion but potentially with self-intersections. So it 
remains to discuss the double points. 

First of all we remark that by Proposition 12.21 the set Inj(u) n 9D is open in 9D. 
By the assumed strong 9-simplicity of u it is dense in dH as well. Therefore, we 
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find < ei < £2 < £ such that Ag^^e^ (^0) H 9D is a subset of Inj(u), where we set 

^61,62(^0) ■■= {£1 <\z~ zo\ < £2}. 

In fact we find g G (0, 1) such that for the neighbourhood Ag_i(0) of dH) we have 

(14) Aei,e,(zo)nA,4(0) Clnj(u). 

This can be seen by a further application of Proposition 12.21 

On the other hand, by Theorem EH the set S{u) H {Bg{0) x Bg{0)) is finite. 
Hence, we can take < £1 < £2 < £ so small such that 

S{u) n (A^i,e2(2o) X A^,,^,(zo)) = 0. 
In other words u\^^^ ^2(^0) injective, and, therefore, an embedding. In addition 
observe that by 

W-l(u(Aei,e2(2o) n Ag4(0))) = Aei,e2(2o) n Ag4(0). 

So it remains to study the subset u^^(m(A)) of D, where 

A:=A,,,,,(zo)nBe(0). 

This can be done by similar arguments as used in Theorem 13.21 □ 

As we already remarked, the half-annulus property (or equivalently strong d- 
simplicity) implies simplicity. Using the fundamental work of Lazzarini [8] this can 
be seen as follows: 

Proposition 6.4. Any strongly d-simple holomorphic disc is simple. 

Proof. Arguing by contradiction we suppose that the J-holomorphic disc u is not 
simple. Then there exist disjoint open sets Bi and B2 in i?i(0) \ Cr(M) such that 
u{Bi) = u{B2), see Proposition 12.71 Denote by Ui and U2 the open subsets of 
Bi{0) \ Cr(u) such that Bi C Ui, B2 C U2 and u{Ui) = u(C/2), which are maximal 
in the following sense: if there are open subsets Vi and V2 of i?i(0) \ Cr(M) with 
Ui C Vi, U2 C V2 and u(Vi) = ^(^2) then we have Ui = Vi and U2 ^ V2. The 
existence is insured by Zorn's Lemma. 

We consider a point (2:1, 2:2) & dUi x dU2, where dUj denotes the set-theoretical 
boundary of Uj (for j — 1, 2). Additionally, we suppose that du{zj) ^ for j = 1, 2. 
In particular we have zi ^ Z2- Notice, by Lemma 12.61 (recalling that any analytic 
function is open) and maximality of the Uj the case (^1,22) £ ^i(O) x i?i(0) is 
excluded. So by symmetry there are two cases left. 

First of all we assume that (zi, Z2) G 9ID) x -Bi(O). By the construction of the 
Uj and O Proposition 4.5] we find open subsets Vi of D and V2 of -Bi(O) such that 
Zj G Vj for j = 1, 2 and u{Vi) C u{V2). Hence, Vi fl 9D is contained in \ Inj(u), 
which is not possible by strong 9-simplicity of u. 

We consider the case (21,^2) G x 9D. Because of (2:1,22) G Acc (5'intor('«)) 
there exists an non-zero real number 6 such that dru{zi) = ddru{z2) (see Lemma 
14. 2p . where dr denotes the radial derivative. By the proof of Lemma H751 this number 
S must be positive, because in this particular situation the accumulation point is 
approached from inside. So we see (again with Lemma 14. 3p there are open and 
disjoint subsets Ii and I2 of 03 such that u{Ii) — u{l2). But this contradicts the 
fact that u is strongly 9-simple. 

Consequently, we infer that dUj C Cr(u), which is a finite set. But this is not 
possible, because the cardinality of the boundary of any open and bounded subset 
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of is infinite. (Indeed, any ray starting from a point in Uj going tfirougfi a point 
of a circle in the complement of Uj contains a boundary point.) Therefore, u must 
be simple. □ 

7. Injective points along the boundary 

In this section we discuss a second notion for a holomorphic disc to be injective 
on boundary points. This allows us to verify the half-annulus property in many 
cases, as we will see in the next sections. To motivate the definition we consider 
the holomorphic disc (D,9]D)) (CP^,KP^) defined by z n- z'^ on the upper half- 
plane. Restricted to the boundary this map is injective and immersive except at 
and oo. But no boundary point is injective in the sense of (H]). 

To study this phenomenon more systematically we consider a J-holomorphic 
discs u : (D, 83) (M, L) for an almost complex structure J as usual. Following 
Oh [13] we call a point z £ 9D satisfying 

(15) u^^ {u{z)) n dB = {z} and du{z) 

an injective point of u\gj}. The set of all injective points of wjan is denoted by 

lni{u\go) {z £ dH \ z is an injective point of u\go }. 

We remark that any injective point of u on the boundary is an injective point of 
u\dB, i-e. 

(16) Inj(w)n9DcInj(M|aD). 

But in general equality does not hold as the above example shows. 
Similar to Proposition 12.21 we have: 

Proposition 7.1. The set lni{u\go) is open in 9B. 

A J-holomorphic disc u is called somewhere injective along the boundary 

a u\qo has an injective point, i.e. if Inj(u|aD) 7^ 9- Similar to Section [2] this notion 
is related to the set of self-intersection points 

So{u) := S{u) n {dB X dB) 

of u\dn, which we call the set of boundary-self-intersection points of u. We 

denote by 

Sf{u) := proji Sq{u) 
the projection to the first coordinate. As in the non-boundary case we have 



(17) Sa{u) c So{u) U Acrit(u|a„), 

because a singular point of ujan is singular, i.e. 

Crit(M) naO = Crit(u|aD). 

In general, the inclusion in (jl7p is strict. For example consider the injective map 

H U {00} (C U {00}) X (C U {00}) 

Z I — > {z'^,z^) 

which has singularities on the boundary. The complement of the set of injective 
points along the boundary has the following description: 



(18) dB \ Inj(ulaD) = Crit(ulaD) U Sf{u) D Sf{u). 

Therefore, we see again that Inj(M|aD) is open. 
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8. Different notions of simplicity along the boundary 

In this section we give a first criterion for a simple holomorphic disc to liave 
the half-annulus property. By Theorem 16.31 the half-annulus property is equivalent 
to be strongly simple along the boundary which implies simplicity as we saw in 
Proposition 16.41 So we will find out when a simple holomorphic disc is strongly 
simple along the boundary. 

Recall, that a holomorphic disc u is called strongly simple along the boundary if 
Inj(u) n i9D is dense in 9D. Ignoring mixed self- intersections of u we find a second 
notion of simplicity. 

Definition 8.1. We call a J-holomorphic disc u weakly simple along the 
boundary or weakly 9-simple j/Inj(u|aD) is dense in 9D. 

This is the version of simplicity which corresponds to the notion of being some- 
where injective along the boundary. By (|16p we have that any strongly 9-simple 
J-holomorphic disc is weakly 9-simple. The converse is not true, as the map z ^ 
defined on the upper half-plane shows. This holomorphic disc is weakly 9-simple 
but not even simple (while it is somewhere injective). So we introduced in fact a 
weaker notion. 

Proposition 8.2. Any simple and weakly d-simple holomorphic disc is strongly 
d-simple. 

Proof. Before we come to the actual proof we remark that a holomorphic disc u 
is not strongly 9-simple if and only if Inj(M) H 910 is not dense in 9D. This is the 
same as the complement 9D\Inj(u) has an interior point. Because of the fact that 
Crit(u) is finite, u is not strongly 9-simple if and only if Si{u) n 9D has an interior 
point in 9D, see ([3]). Hence, there exists a non-empty open subset / of dJi such 
that u 1/ is an embedding, and such that u{I) C m(D \ /). 

Now the aim is to show that a weakly but not strongly 9-simple holomorphic disc 
can not be simple. So we assume that the holomorphic disc u from our preparatory 
remark is weakly 9-simple as well. i.e. we assume in addition that Inj(M|aD) is 
dense in 9B. By Proposition 17. II this set is open in too, so that the intersection 
Inj(u|gD)n/ is an open and non-empty subset of 9D. But this means, we can assume 
that n = /. In particular, this excludes the case u{I) C u(9D \ /). 

Consequently, the open subset / of 9D satisfies u{I) C u(i?i(0)). It follows from 
Lemma WM below that u can not be simple. □ 

Lemma 8.3. Let (M, J) denote an almost complex manifold of real dimension 2n 
which contains a totally real submanifold L. Let 

u : (Si(0),0) — > iM,p) and w : (D+, [-1, 1], O) — > {M,L,p) 

he J-holomorphic embeddings. 1,1]) C u(i?i(0)) then there exists an open 

neighbourhood V of zero in D+ such that v{V) C w(Bi(0)). 

Proof. The proof is essentially the same as for Lemma [4.31 By [TTl Lemma 2.4.2] 
we can assume that the map u satisfies u{z) — (z, 0, . . . , 0) for all z G -Bi(O) and 
the almost complex structure J is equal to i on i?i(0) x {0}, where the splitting is 
taken w.r.t. C x C"^^. Writing v — {vi,v) the projected map v has in general no 
totally real boundary condition. But using the condition 1, 1]) C u(i?i(0)) as 
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posted in the lemma we have 1, 1]) = {0}. By the same computation as in the 
proof of Lemma 14.31 we get 

— dsV + idfii + Bv 

for a suitable smooth (real) C"~^-endomorphism field B along an open neighbour- 
hood V in D"*" about 0. The relative Carleman similarity principle (see [J Theorem 
A. 2]) implies now that v = on V. Hence, the embedding ip := vi is analytic on 
the interior of V. We get v — uoiponV, which proves the claim. □ 

With this observation done we can finish the proof of Proposition 18.21 with the 
following lemma. The reason why we can not apply Lemma 18.31 directly is that we 
have to make sure that u{I) is contained completely in a sheet of u(Si(0)). 

Lemma 8.4. Let u be a J -holomorphic disc. If there exists an open non-empty 
subset I of dH such that u{I) C u(-Bi(0)) then u is not simple. 

Proof. By finitencss of Cr(u) we can assume that / fl Cr(M) = 0. Additionally, we 
can assume that u |/ is an embedding. In view of Proposition [2TT] 

i{z) ■.= #{u-\u{z))r\B^{Q)) 

is for all 2 G / a (finite) number. 

We claim that we can take zq £ I vci such a way that 1{zq) = 1. Otherwise, we 
have that £(z) > 2 for all z G I. In particular, we find sequences zq in I and 

wl ^ wi, ^ W2 in D such that wl ^ lie in -Bi(O) and u{z^) = u{wl) = u(w^) 
for all 1/ e N. Because of / n Cr(u) = the points zq, wi and W2 are pairwise 
distinct. Further, non of the Wj is contained in dD, because otherwise by Lemma 
14.41 we would get du{wj) = 0. But this is not possible because of /nCr(u) = and 
u{zo) = u(wj). So both points wi and W2 are in Bi{0). Lemma l2. 61 shows now that 
u is not simple and we are done. So we are left with the case, where £{zq) — 1. 

Fix Zq E I with £{zo) — 1. There exist a positive real number e and an interior 
point zi in i?i(0), such that B^{zi) C Bi{Q), 

(19) M-i(u(zo)) nBi(O) = {zi} 

and u \b^(zi) is an embedding. We will show that we can shrink the interval / C 
such that u{I) is contained in u(^B^{zi)Y Suppose there is a sequence z'^ in I such 
that z'^ — > Zq and 

(20) u{z'') i u{B,izi)) 

for all G N. Because of u{I) C u(i?i(0)) wc find a sequence 

G Si(0) \ B^{zi) such that uiz") = uiw") 

for all G N. We can assume that 

w'' — ^wo in B\B,{zi). 

Hence, u{zq) — u{wq) and with ()19p we have wq G d'B, a mixed boundary- 
intersection. Again with Lemma 14.41 this implies that du{wQ) = 0, i.e. that zq G 
Cr(M). This is a contradiction. So (|20|) must be wrong and we obtain 

u{I) C u{B,{zi)) . 

Now the claim follows from Lemma l873l □ 
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Together with Proposition 16.41 we obtain: 

Corollary 8.5. For a simple holomorphic disc both notions of simplicity along the 
boundary coincide; the disc is weakly d-simple if and only if the disc is strongly 
d-simple. 

9. Self-matching holomorphic discs 

In this section we give a second characterisation for a simple holomorphic disc to 
have the half-annulus property. The obstruction to have it is essentially explained 
by the following example: Consider the holomorphic half-discs defined by u{z) = z 
and v{z) — —z for all z £ D+. The images of u and v intersect along the real line 
such that they match to get the analytic function w{z) = z for z G ED. 

More generally we have the following gluing result: 

Lemma 9.1. Let M be an almost complex manifold and L be a totally real sub- 
manifold of M . Consider embedded holomorphic half-discs 

u,v: {0+ .[-IMQ] ^ {M,L,p) 

and assume that v{[—l,l\) = 1,1]). // the sign of the boundary-intersection 
5u,v ttt (0,0) is negative then there exist a smooth map w : (B, 0) — > {M,p), 
a diffeomorphism ip between pointed neighbourhoods in C of zero, and an open 
neighbourhood U of zero in C such that w{U^) — u{U^) and w{U^) = v o ipiU^), 
where := n U. 

Proof. As in the proof of Lemma 14.31 (using the notation from there as well) we 
can assume that u is flat, i.e. u{z) = (z, 0, . . . , 0) in C x C"^"'^ for all z £ D+, and 
that vi is an embedding. By assumption 6u,v is negative so that we can assume 
Vi{z) G {3m(z) < 0} for all z G {3m(z) > OjnlD'"'". Moreover, our first assumption 
translates into ui([— 1, 1]) = [—1, 1] and '5([— 1, 1]) = {0}. Consequently, 

V O Lp{z) — (z, W O (p{z)^ 

with 

ip ■= : vi{TD)+) — > ]D)+ 
for all z G D+, for which |z| small enough. Because of J = i on D+ x {0} and the 
boundary condition v{[~l, 1]) — {0} all partial derivatives of v vanish along [—1, 1], 
as an induction shows. This implies that the map w defined by 

(u(z) = (z, 0) for all z G {3m(z) > 0} n BJQ) 
[voip{z) for all z G {3m(z) < 010 5^(0) 

is a smooth embedding for e > small enough. This proves the claim. □ 
Remark 9.2. On the open set U we can define a smooth complex structure by 

j := dw^^ o o dw 

such that j = i on . By the theorem of Newlander-Nirenberg (see [11] Theorem 
E.3.1]) we find a diffeomorphism ip oi U such that w oip is holomorphic on U. 

In other words, if for a holomorphic disc u there are two disjoint boundary seg- 
ments on which u is immersed and takes the same values there are two possibilities 
for u. Either, the sign is negative and (by the proceeding lemma) the holomorphic 
disc u is self-gluing along the boundary segments, or the sign is positive and (by 
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Lemma [4. 3p the holomorphic disc u overlaps. In either case the holomorphic disc 
u can not be weakly simple along the boundary: 

Proposition 9.3. A J -holomorphic disc u is weakly d-simple if and only if there 
are no two nonempty disjoint open subsets Ii and I2 of such that u{Ii) = u{l2)- 

Proof. Recall that weak 9-simplicity is equivalent to the fact that Inj(w|aD) is dense 
in dU, i.e. the complement \ Inj(u|aD) has no interior point. Therefore, (and by 
finiteness of Crit(u|aD)) u is not weakly simple along the boundary if and only if 
Si{u) has an interior point in 9D, see (|18|) . i.e. if there exists an open, non-empty, 
and connected subset / of such that 

(21) u{I) Cu{dB\I). 

Therefore it is enough to show that if (PT|) holds true we find nonempty disjoint 
open subsets Ji and I2 of dIS) such that u{Ii) — u{l2). 

So let us assume (|2ip . In addition we can assume that / n Cr(M) = and that 
It 1/ is an embedding. In view of Proposition 12. II 

k{z) := #(m-1(m(z)) n [do \ /)) 

is a (finite) number for any z & I. 

If k(zo) > 2 for some zq G /, we find sequences Zi, — zq in / and — > wi, 
W2 in 9D \ / such that wl ^ w1 and u{z^) = u{wl) = u{wl) for all G N. 
Because of / H Cr(u) = the points zq, wi and W2 are pairwise distinct. Hence, 
there are 3 intersection pairs 

{{zo,Wi), {zo,W2), {W1,W2)} 

such that Lemma 14.31 applies at least to 2 of them. Consequently, the overlapping 
regions already imply the existence of Ii and I2 as stated in the proposition. 

So we are left with the case zq € I and fc(zo) = 1- We claim that there is an 
open subset 5* of such that u \s is an embedding, / n 5 = and u{T) = u{S). 
Now, there exist a positive real number e and a boundary point zi in \ {^^o} 
such that u{zq) = u{zi), 

Ie{zi) :=aBnSe(zi) 

is contained in dTD) \ I, and u \ i^(zi) is an embedding. We will show that we can 
shrink the interval / C 9B such that u{I) is contained in ^(/^(zi)). Suppose that 
there is a sequence z'^ in / such that z'^ zq and 

(22) u{zn i u{l,iz,)) 
for all G N. Because of (|2T|) we find a sequence 

w" edB\{lU L{zi)) such that uiz") = uiw") 

for all G N. We can assume that 

w'' — >wo in a©\ (/U/e(zi)). 

Hence, u{zo) = u{wo) but wq ^ {zo,zi} implying that k{zo) > 2. In view of (p2|) 
this contradiction shows 



u{I) C u{l,{zi)). 
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The claim follows then by setting 



S 



This finishes the proof. 



□ 



We have shown that any weakly 9-siniple holomorphic disc u is not self- matching 
and vice versa. Here is the relevant definition; 

Definition 9.4. We will say that a J -holomorphic disc u is self-matciiing if there 
are non-empty open connected disjoint subsets Ii and I2 of 9D \ Crit(u|aD) such 
that u{Ii) = u{l2)- 

This terminology (and ProDOsition l8.2[) finally gives us a criterion for a holomor- 
phic disc to have the half-annulus property, i.e. to be simple along the boundary. 
It says that in order to verify the half-annulus property it is the same to verify sim- 
plicity (in the sense of Proposition l2 . 7|) for interior and boundary points separately. 

Corollary 9.5. A J -holomorphic disc is strongly d-simple if and only if it is simple 
and not self-matching. 

Proof. By Proposition 16.41 anv strongly 9-simple holomorphic disc is simple. This 
shows the first half of the 'only if part. For the rest recall that by Corollarv 18.51 
for a simple holomorphic disc being weakly or strongly simple along the boundary 
is the same. But by Proposition 19.31 weak (9-simplicity is characterised by the not 
self-matching property. □ 

Proof of Theorem 11.31 It is claimed that a holomorphic disc u has the half- 
annulus property (which is equivalent to the strong simplicity along the boundary 
by Theorem 16. 3p if and only if u is simple and not self-matching. Therefore, the 
theorem follows from Corollarv 19. 51 above. □ 
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